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Abstract. The concept of slow manifold has been introduced in meteorology and is broadly 
used for short term weather forecast and data assimilation (see e.g., [1,2]). Our object in this 
article is to present a mathematical theory of slow manifolds, using the concept of inertial 
manifold recently studied in dynamical systems theory. We show in fact that a slow manifold is 
a special type of inertial manifold. Our study relies on a new construction of inertial manifolds 
for evolution equations of a more general type than those previously studied. 
1. INTRODUCTION 
Numerous articles have been devoted to the construction of inertial manifolds for infinite 
dimensional dynamical systems generated by partial differential equations (see e.g., [3,4,5,6 
chap. 81 and the references therein). 
Let H be a Hilbert space and let {S(t)} tic be the semigroup of operators associated to 
the evolution equation under consideration. We recall that a set M C H is an inertial 
manifold for the semigroup {S(t)},,, (or for the equation) if M is a finite dimensional 
Lipschitz manifold positively invariant for the semigroup that attracts all the orbits with an 
exponential speed. When it exists, the inertial manifold encompasses all the dynamics of 
the system and in particular it contains the global attractor of the system. 
In most of the articles the authors consider an evolution equation with unknown u in a 
Hilbert space H, of the form 
$ + Au = R(u), 
(1.1) 
40) = ‘1L0, 
where A is an unbounded self-adjoint positive linear operator in H and R is a nonlinear 
function. The inertial manifold is built as the graph of a function over a space spanned by 
eigenfunctions of A. Our aim in this article is to address the more general case where the 
linear operator in the equation is non self-adjoint (but is however a compact perturbation 
of such an operator). And we build the inertial manifold as the graph over a root space of 
that operator. The equation is now written 
2 + dv = a(w), 
V(0) = 210. 
(l-2) 
One of the motivations of this work is obviously to extend the concept of inertial mani- 
folds. The second and most important motivation is to provide the mathematical theory for 
the concept of Slow Manifold which is broadly used in meteorology in relation with data 
assimilation. The concept of slow manifold was introduced on heuristical grounds in the 
meteorology literature [1,2], but it has lead to algorithms for short term weather forecast 
that are commonly used (see e.g., [7,8]). 
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The principle of the construction of slow manifolds is as follows. We start from an evolution 
equation of the Navier-Stokes type that we write in the abstract form (1.1). By linearizing 
this equation around a stationary solution ii, we obtain, for the difference v = u - U, an 
equation of type (1.2) where R enjoys furthermore the properties 
72(O) = 0, D7qO) = 0. (1.3) 
By applying our new results on inertial manifolds to that equation, we prove that this 
manifold satisfies all the properties of slow manifolds that were conjectured in the literature: 
the slow manifold contains the origin; it is tangent at the origin to the root space on which 
it is built; and it attracts all orbits at an exponential rate. 
2. CONSTRUCTION OF SLOW MANIFOLDS 
We consider an evolution equation of the form (1.1). We assume that A-’ is compact and 
thus, A possesses an infinite sequence of eigenvalues 
and an associated orthonormal basis of eigenfunctions { wj}jeN. We assume that R is a 
C’ function from D(AQ) into H, for some o, 0 5 a < 1. Under suitable hypotheses (1.1) 
defines a continuous semigroup (S(t)} 120 in D(Aa) that possesses an absorbing set B in 
D(Aa) (see [S] for numerous examples). 
For equation (1.2), we sssume that A is a lower order perturbation of A, i.e., A = A + b 
with b linear, D(A”) c D(b), and bAma bounded, 0 < CY < l,o as before; the operator ‘R 
satisfies the same properties as R. 
The main application we have in view is the following: let u be a stationary solution of 
(l.l), i.e., 
Aii = R(a), (2.1) 
and set v = u - ii. Then v satisties an equation like (1.2) with 
dv = Au - DR(ii)v, 
WV) = R(v + u) - R(C) - DR(ii)v, 
(2.2) 
Here DR denotes the Frechet differential of R. It is clear also that (1.3) is satisfied. 
The spectrum of A consists of eigenvalues of finite multiplicity. Moreover, if we denote 
by {uj]jeN these eigenvalues so ordered that the sequence {&(vj)}jeN is nondecreasing, 
then it can be shown, using the results of [9] and the hypothesis (2.3) below, that 
Re(vj)wAj as j+co. 
In the sequel, we consider a system {Vj}jEN of root vectors associated to the vjs: 
Vj E N, 3 Icj 2 1, (A - Vj)kjvj = 0, 
and we denote, by Pn, the projector onto the space spanned by vi, 212,. . , v,, , parallel to 
vn+i, . . . , vi,. . . . 
Besides some technical hypotheses which will be given in detail elsewhere, the main hy- 
potheses are the following: 
Aj NCJ*P, aS]*+OO, (2.3) 
p(1 - o) > (2.4) 
These imply spectral gap frequently for inertial 
We now state main results. 
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THEOREM 2.1. Under the hypotheses above, for arbitrary large n’s, there exists a C’ func- 
tion ip from P,D(Aa) into (I - P,)D(Aa) whose graph M is an inertial manifold for (1.2). 
Furthermore if the conditions (1.3) are satisfied (in particular if (2.2) holds), then 0 E M 
and M is tangent to P,D(AQ) at the origin. 
The details of the proof will appear in [lo]. Section 3 is devoted to some indications on 
the proof and to some applications. 
REMARK 2.1: If (1.3) d oes not hold, then we can still construct an inertial manifold M as 
a graph of a C’ function from PnD(Aa) to (I-P,)D(Aa) but the last assertion of Theorem 
2.1 does not hold. The origin is not on M if a(O) # 0 and if 72(O) = 0 but D’R(0) # 0 then 
M is not necessarily tangent to P,, D(A”) at zero. 
3. SKETCH OF THE PROOFS AND APPLICATIONS 
i) The construction of the inertial manifold is based on the Lyapunov-Perron method as in 
[3]. The function 0 is obtained as the fixed point of a mapping (strict contaction) 7, which 
operates in a suitable set of functions from P,,D(AQ) into (I - Pn)D(AQ). However, the 
methods of [3] d o not apply directly here, since A is not self-adjoint and the cone property 
widely used in [3] is not available here. 
The proof necessitates also the derivation of some spectral properties of A that we did 
not find available in the literature. In particular, we had to prove certain bounds uniform 
in n on operators such as 
(d + q)“e-A’ P,or(d+$ %-At(l- Pn), q > 0. 
ii) Theorem 2.1 applies, in particular, to the Navier-Stokes equations in space dimension 
n with a higher order viscosity term (see [ll]): 
i 
$+~A~~+~Au+(u.v)u+~~=~, 
v.u = 0. 
(3.1) 
The functions u = ~(2, t) and p = p(z,t) are defined on R” x R+ with values in R” and R 
respectively; ~1, v > 0 and f is given and is locally in La(F)*. 
We assume that u and p are periodic in each direction x1, . . . , x,, ,with period L > 0, 
U(X+ Lei,t) = u(x,t), p(x+ Lei,t) =p(z,t),i= lr.ovrn, (3.2) 
where {el, . , . , e,} is the natural basis of R”. Furthermore, we assume that 
J u(x, t) dz = 0, J p(z,t) d?: = 0. n n 
By classical results (see e.g., [12]), Equations (3.1), (3.2) reduce to an equation like (1.1) 
for u and we have A,,, N cm4 as m + co (hence p=4 in (2.3)). 
We infer from [12] that equations (3.1), (3.2) p ossess at least one stationary solution 
pA2’% - vhu + (6.0) ii + VP = f, 
v.ii = 0, 
(3.3) 
(and (3.2) is satisfied). Let U be any such solution and set v= u - 6, q = p - fi We have 
g+pA2% - vAv + (ii.0) 2, + (v.V) ii + (v.V) v+ Vq = 0, (3.4) 
v.v =o (3.5) 
and (3.2) is satisfied by v, q, 
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Equations (3.2), (3.4) and (3.5) amount to an evolution equation for 21 of types (1.2) and 
(1.3); and Theorem 2.1 asserts the existence of a slow manifold for this equation. This slow 
manifold is a graph above a root space of A (i.e., the space spanned by the root vectors 
vlr...,vN of A, with N sufficiently large). The operator A is an abstract linear operator 
directly connected to the differential operator 
v w /.JA~“v - UAV + (U.V) v + (v.V) U. 
The reader is referred to [lo] for the details. In this article we will develop also the concept 
of approximate inertial manifold for equations like (1.2). 
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